Anti-synchronization Scheme for the Stability Analysis of a Newly Designed Hamiltonian Chaotic System Based on Hénon-Heiles Model Using Adaptive Control Method by Khan, Ayub et al.
Applications and Applied Mathematics: An International 
Journal (AAM) 
Volume 16 Issue 1 Article 42 
6-2021 
Anti-synchronization Scheme for the Stability Analysis of a Newly 
Designed Hamiltonian Chaotic System Based on Hénon-Heiles 
Model Using Adaptive Control Method 
Ayub Khan 




Bhagini Nivedita College 
Manoj Kumar 
University of Delhi 
Harindri Chaudhary 
Jamia Millia Islamia 
Follow this and additional works at: https://digitalcommons.pvamu.edu/aam 
 Part of the Ordinary Differential Equations and Applied Dynamics Commons 
Recommended Citation 
Khan, Ayub; Jain, Anu; Kaushik, Santosh; Kumar, Manoj; and Chaudhary, Harindri (2021). Anti-
synchronization Scheme for the Stability Analysis of a Newly Designed Hamiltonian Chaotic System 
Based on Hénon-Heiles Model Using Adaptive Control Method, Applications and Applied Mathematics: An 
International Journal (AAM), Vol. 16, Iss. 1, Article 42. 
Available at: https://digitalcommons.pvamu.edu/aam/vol16/iss1/42 
This Article is brought to you for free and open access by Digital Commons @PVAMU. It has been accepted for 
inclusion in Applications and Applied Mathematics: An International Journal (AAM) by an authorized editor of 









Vol. 16, Issue 1 (June 2021), pp. 752 – 761
Anti-synchronization Scheme for the Stability Analysis of a Newly
Designed Hamiltonian Chaotic System Based on Hénon-Heiles
Model Using Adaptive Control Method






















Received: April 8, 2021; Accepted: June 7, 2021
Abstract
In this paper, a systematic approach to investigate the anti-synchronization among identical Hamil-
tonian chaotic systems has been proposed by using adaptive control method (ACM). Initially an
adaptive controller and parameter update law are described to achieve asymptotical stability of
state variables of given system with uncertain parameters using Lyapunov stability theory (LST).
In addition, numerical simulations using MATLAB software are performed to validate the effi-
cacy and effectiveness of the designed technique. Moreover, the proposed technique has numerous
applications in encryption and secure communication.
Keywords: Adaptive control; Anti-synchronization; Chaotic system; Lyapunov stability theory;
MATLAB
MSC 2010 No.: 34K23, 34K35, 37B25, 37N35
752
1
Khan et al.: Stability Analysis of a Newly Designed Hamiltonian Chaotic System
Published by Digital Commons @PVAMU, 2021
AAM: Intern. J., Vol. 16, Issue 1 (June 2021) 753
1. Introduction
Chaos theory is an intriguing field of applicable mathematics that focuses on the behaviour analysis
of extremely irregular or disordered nonlinear dynamical systems mainly found in nature and plays
a vital role in numerous fields, for instance, secure communication (Li and Liao (2004)), robotics
(Patle et al. (2018)), neural networks (Bouallegue (2017)), biomedical engineering (Provata et
al. (2012)), ecological models (Sahoo and Poria (2014)), weather models (Russell et al. (2017)),
chemical reactions (Han et al. (1995)), finance models (Tong et al. (2015)), oscillations (Ghosh
et al. (2018)), jerk systems (Wang et al. (2017)), encryption (Wu et al. (2016)), etc. Subsequently,
chaos synchronization as well as control have sought significant attention in several research fields.
A significant characteristic of chaotic systems, described as "Butterfly Effect", is high sensitivity
dependence on initial conditions. This property of chaotic systems was first reported in 1963 by
E.N. Lorenz (1963) while analysing a weather prediction model. More importantly, Pecora and
Carroll (1990) first introduced the notion of chaos synchronization in 1990. In chaos synchroniza-
tion phenomenon, the state trajectories of two or more chaotic/ hyperchaotic systems are regulated
to follow the similar dynamics. In recent years, chaos synchronization of chaotic systems using
various control techniques has become a fascinating and an engaging area of study for researchers
and scientists. Many significant techniques are introduced and studied to control, namely, Delavari
and Mohadeszadeh (2018), Rasappan and Vaidyanathan (2012), Chen and Han (2003), Li and
Zhang (2016), Khan and Chaudhary (2019), and synchronization, viz., Singh et al. (2017), Li and
Zhang (2016), Sudheer and Sabir (2009), Khan and Chaudhary (2020a), Khan and Chaudhary
(2020a), Zhou and Zhu (2011), Li and Liao (2004), Ma et al. (2017), Ding and Shen (2016), Khan
and Chaudhary (2019), Khan and Chaudhary (2020a), Khan and Chaudhary (2020a), Khan and
Chaudhary (2020), Kumar et al. (2020) of chaos occurring in dynamical systems.
Specifically, Hubler (1989) firstly introduced adaptive control method (ACM) in chaotic systems
in 1989 . Since then, many researches have been conducted using ACM, for instance, Liao and
Tsai (2000), Yassen, Li et al. (2012), Vaidyanathan (2015), Khan and Chaudhary (2019), Khan
and Chaudhary (2020a), Khan and Chaudhary (2020c), Khan and Chaudhary (2020e), Khan and
Chaudhary (2020), Kumar et al. (2020), Khan and Chaudhary (2021), Khan and Chaudhary (2021).
Keeping the above discussions in view, our primal aim in this paper is to study anti-synchronization
among identical newly described Hamiltonian chaotic systems by Vaidyanathan et al. (2018) based
on Hénon-Heiles model using ACM. Basically, Henon and Heiles (1964) first modeled the Hénon-
Heiles model in 1964 which describes the nonlinear motion of a star around a galactic centre with
the motion restricted to a plane.
This paper is organized as follows. Section 2 consists of few preliminaries to be used throughout
the paper. Section 3 describes the basic structured characteristics of the considered Hamiltonian
chaotic system in detail. Section 4comprises of the anti-synchronization method for the given sys-
tem via ACM. Section 5 contains the numerical simulations which are displayed graphically using
MATLAB. Section 6 concludes the present paper.
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2. Preliminaries
The master system and the corresponding slave system are defined as:
ẋm = F1(xm), (1)
ẋs = F2(xs) + u, (2)
where xm = (xm1, xm2, ..., xmn)T , xs = (xs1, xs2, ..., xsn)T are the state variables of (1) and
(2) respectively, F1, F2 : Rn → Rn are two nonlinear continuous vector functions and u =
(u1, u2, ..., un) ∈ Rn is the properly designed controller.
We define the anti-synchronization error as:
e = xs + xm.
Definition 2.1.
The master system (1) and the slave system (2) are said to be in anti-synchronization state if
limt→∞‖e(t)‖ = limt→∞‖xs(t) + xm(t)‖ = 0. (3)
3. System Description
Introduced by Vaidyanathan et al. (2018), the considered chaotic system is given by
ẋm1 = xm2,
ẋm2 = −xm1 − 2xm1xm3 + ax2m1,
ẋm3 = xm4,
ẋm4 = −xm3 − x2m1 + x2m3 + bx4m3,
(4)
where (xm1, xm2, xm3, xm4)T ∈ R4 is the state vector and a and b are positive parameters. When
a = 0.98 and b = 0.99, the system (4) displays chaos phenomenon. Also, the Lyapunov exponents
of system (4) are LE1 = 0.0015, LE2 = 0, LE3 = 0, LE1 = −0.0015. Furthermore, Figure
1(a-f) exhibit the phase plots of (4). In addition, Figure 2(a-d) display time-series of the given
system. However, the detailed analytic study and numerical results for the system (4) can be found
in Vaidyanathan et al. (2018).
4. Illustrative example
Here, we discuss anti-synchronization scheme to design the laws which estimate parameters with
adaptive controllers in such a manner that the state vector xm1, xm2, xm3 and xm4 approaches to
equilibrium points as t tends to infinity.
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Figure 1. Phase plots of Hamiltonian chaotic system in (a) xm3 − xm4 plane, (b)xm1 − xm2 plane, (c) xm1 − xm4
plane, (d) xm2 − xm3 − xm4 space, (e) xm1 − xm3 − xm4 space, (f) xm2 − xm4 − xm1 space



















































Figure 2. Time series of a new Hamiltonian chaotic system in (a) (t, xm1), (b) (t, xm2), (c) (t, xm3), (d) (t, xm4)
Conveniently, the system (4) is taken as the master system and the corresponding slave system can
be defined as:

ẋs1 = xs2 + u1,
ẋs2 = −xs1 − 2xs1xs3 + ax2s1 + u2,
ẋs3 = xs4 + u3,
ẋs4 = −xs3 − x2s1 + x2s3 + bx4s3 + u4,
(5)
where u1, u2, u3 and u4 are adaptive nonlinear controllers to be constructed so that anti-
synchronization between two identical Hamiltonian chaotic systems will be attained.
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Define the state errors as 
e11 = xs1 + xm1,
e12 = xs2 + xm2,
e13 = xs3 + xm3,
e14 = xs4 + xm4.
(6)
Our ultimate objective here is to design controllers ui, (i = 1, 2, 3, 4) so that the synchronization
errors defined in (6) satisfy
limt→∞e1i(t) = 0 for (i = 1, 2, 3, 4).
The transformed error dynamics is given by
ė11 = e12 + u1,
ė12 = −e11 − 2(xs1xs3 + xm1xm3) + a(x2s1 + x2m1) + u2,
ė13 = e14 + u3,
ė14 = −e13 − (x2s1 + x2m1) + (x2s3 + x2m3) + b(x4s3 + x4m3) + u4.
(7)
Now, the adaptive controllers are designed as:
u1 = −e12 −K1e11,
u2 = e11 + 2(xs1xs3 + xm1xm3)− â(x2s1 + x2m1)−K2e12,
u3 = −e14 −K3e13,




m1)− (x2s3 + x2m3)− b̂(x4s3 + x4m3)−K4e14,
(8)
where K1 > 0, K2 > 0, K3 > 0, K4 > 0 are gain constants.
By substituting the controllers (8) in error dynamics (7), one finds that
ė11 = −K1e11,
ė12 = (a− â)(x2s1 + x2m1)−K2e12,
ė13 = −K3e13,
ė14 = (b− b̂)(x4s3 + x4m3)−K4e14.
(9)
where â, b̂ are estimated quantities of unknown parameter a, b respectively.
Then, parameter estimation error is defined as:
ã = a− â, b̃ = b− b̂. (10)
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On differentiation of parameter estimation error (10), we get
˙̃a = − ˙̂a, ˙̃b = − ˙̂b. (12)











2 + b̃2], (13)
which imply that V is positive definite.
Derivative of Lyapunov function V is written as:
V̇ = e11ė11 + e12ė12 + e13ė13 + e14ė14 − ã ˙̂a− b̃ ˙̂b. (14)
Keeping (14) in mind, we are defining the parameter estimates laws as:{








where K5 > 0 and K6 > 0 are gain constants.
Theorem 4.1.
The chaotic systems (4)-(5) are asymptotically anti-synchronized for all initial states
(xm1(0), xm2(0), xm3(0), xm4(0)) ∈ R4 by the designed adaptive controller (8) and the parame-
ter update law (15).
Proof:
The Lyapunov function V as formulated in (13) is a positive definite function. On simplification,
equations (14) and (15) give rise to
V̇ = −K1e211 −K2e212 −K3e213 −K4e214 −K5ã2 −K6b̃ < 0,
ensuring that V̇ is negative definite .
Thus, using Lyapunov stability theory, we conclude that synchronization error e(t)→ 0 exponen-
tially as t→∞ for all initial conditions e(0) ∈ R4. This completes the proof. 
5. Numerical Simulation and Discussion
This section performs some numerical simulations to illustrate effectively the proposed anti-
synchronization technique via ACM. The parameters of given system are selected as a = 0.98 and
b = 0.99 to establish the chaoticity of considered system without control inputs. The initial states of
the master (4) and slave systems (5) are (xm1(0) = 0.2, xm2(0) = 0, xm3(0) = −0.2, xm4(0) = 0)
and (xs1(0) = 0.2, xs2(0) = 0.2, xs3(0) = −0.2, xs4(0) = 0), respectively. The control gains
are taken as Ki = 6 for i = 1, 2, ..., 6. Further, simulation results concerning the state anti-
synchronized trajectories of systems (4) and (5) are displaced in Figure 3 (a-d). Moreover, Figure
4 (a-e) show that the synchronization error (e11, e12, e13, e14) = (0.4, 0.2, 0, 0) converging to zero
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as t tending to infinity. In Figure 5(a) and (b) it is noted that the estimated quantities (â, b̂) of un-
known parameters converging to their original values asymptotical with time. Hence, the proposed
anti-synchronization strategy among master and slave system is achieved computationally.










































































Figure 3. Anti-synchronization of Hamiltonian chaotic system (a) between xm1(t) − xs1(t), (b) between xm2(t) −
xs2(t), (c) between xm3(t)− xs3(t), (d) between xm4(t)− xs4(t)



























































































Figure 4. Dynamics in synchronization error states (a) (t, e11), (b) (t, e12), (c) (t, e13), (d) (t, e14), (e)
(t, e11, e12, e13, e14)


































Figure 5. Time history of parameter estimates of Hamiltonian chaotic system (a) (t, â), (b) (t, b̂)
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6. Conclusion
In this paper, anti-synchronization among integer order Hamiltonian chaotic systems has been
conducted using ACM keeping Lyapunav stability theory in view. Further numerical simulations
in MATLAB are performed to validate the efficacy of the proposed technique. Remarkably, the
theoretical results completely agree with the computational results. Such strategy may be used to
control the nonlinear motion of a star around a galactic centre with motion restricted to a plane.
Furthermore, the proposed scheme may find applications in the area of image encryption and secure
communication.
REFERENCES
Bouallegue, K. (2017). A new class of neural networks and its applications, Neurocomputing, Vol.
249, pp. 28–47.
Chen, M. and Han, Z. (2003). Controlling and synchronizing chaotic genesio system via nonlinear
feedback control, Chaos, Solitons & Fractals, Vol. 17, No. 4, 709–716.
Delavari, H. and Mohadeszadeh, M. (2018). Hybrid complex projective synchronization of com-
plex chaotic systems using active control technique with nonlinearity in the control input,
Journal of Control Engineering and Applied Informatics, Vol. 20, No. 1, pp. 67–74.
Ding, Z. and Shen, Y. (2016). Projective synchronization of nonidentical fractional-order neural
networks based on sliding mode controller, Neural Networks, Vol. 76, pp. 97–105.
Edward, N. L. (1963). Deterministic nonperiodic flow, Journal of the Atmospheric Sciences, Vol.
20, No. 2, pp. 130–141.
Ghosh, D., Mukherjee, A., Das, N.R. and Biswas, B.N. (2018). Generation & control of chaos in a
single loop optoelectronic oscillator, Optik, Vol. 165, pp. 275–287.
Han, S.K., Kurrer, C. and Kuramoto, Y. (1995). Dephasing and bursting in coupled neural oscilla-
tors, Physical Review Letters, Vol. 75, No. 17, pp. 3190.
Henon, M. and Heiles, C. (1964). The applicability of the third integral of motion: Some numerical
experiments, The Astronomical Journal, Vol. 69, pp. 73.
Hubler, A.W. (1989). Adaptive control of chaotic system, Helv Phys Acta, Vol. 62, pp. 343–346.
Khan, A. and Chaudhary, H. (2019). Adaptive control and hybrid projective combination syn-
chronization of chaos generated by generalized Lotka-Volterra biological systems, BLOOMS-
BURY INDIA, page 174.
Khan, A. and Chaudhary, H. (2020a). Hybrid projective combination-combination synchronization
in non-identical hyperchaotic systems using adaptive control, Arabian Journal of Mathemat-
ics, Vol. 35, pp. 597–611.
Khan, A. and Chaudhary, H. (2021a). Adaptive hybrid projective synchronization of hyperchaotic
systems, Application and Applied Mathematics (Accepted).
Khan, T. and Chaudhary, H. (2020b). Controlling and synchronizing combined effect of chaos
generated in generalized Lotka-Volterra three species biological model using active control
design, Application and Applied Mathematics, Vol. 15, No. 2, pp. 1135–1148.
Khan, T. and Chaudhary, H. (2020c). Estimation and identifiability of parameters for general-
8
Applications and Applied Mathematics: An International Journal (AAM), Vol. 16 [2021], Iss. 1, Art. 42
https://digitalcommons.pvamu.edu/aam/vol16/iss1/42
760 A. Khan et al.
ized Lotka-Volterra biological systems using adaptive controlled combination difference anti-
synchronization, Differential Equations and Dynamical Systems, Vol. 28, No. 4, pp. 1–12.
Khan, T. and Chaudhary, H. (2020d). An investigation on hybrid projective combination synchro-
nization scheme between chaotic prey-predator systems via active control, Poincare Journal
of Analysis & Applications, Vol. 7, No. 2, pp. 211-225.
Khan, T. and Chaudhary, H. (2020e). Projective synchronization in hyperchaotic systems using
adaptive control method, Advances in Mathematics: Scientific Journal, Vol. 9, No. 10, pp.
7841–7849.
Khan, T. and Chaudhary, H. (2021b). Controlling chaos generated in predator-prey interactions
using adaptive hybrid combination synchronization, Lecture Notes in Networks and Systems
(LNNS, Springer Proceedings of 3rd International Conference on Computing Informatics and
Networks, Vol. 167, pp. 449-459.
Kumar S., Matouk, Ahmed E., Chaudhary, H. and Kant, K. (2020). Control and synchronization
of fractional-order chaotic satellite systems using feedback and adaptive control techniques,
International Journal of Adaptive Control and Signal Processing, Vol. 35, No. 4, pp. 484–497.
Li, C. and Liao, X. (2004). Complete and lag synchronization of hyperchaotic systems using small
impulses, Chaos, Solitons & Fractals, Vol. 22, No. 4, 857–867.
Li, D. and Zhang, X. (2016). Impulsive synchronization of fractional order chaotic systems with
time-delay, Neurocomputing, Vol. 216, 39–44.
Li, G.H. and Zhou, S.P. (2007). Anti-synchronization in different chaotic systems, Chaos, Solitons
& Fractals, Vol. 32, No. 2, 516–520.
Li, S.Y., Yang, C.H., Lin, C.T., Ko, L.W., and Chiu, T.T. (2012). Adaptive synchronization of
chaotic systems with unknown parameters via new backstepping strategy, Nonlinear Dynam-
ics, Vol. 70, No. 3, 2129–2143.
Liao, T.L. and Tsai, S.H. (2000). Adaptive synchronization of chaotic systems and its application
to secure communications, Chaos, Solitons & Fractals, Vol. 11, No. 9, 1387–1396.
Ma, J., Mi, L., Zhou, P., Xu, Y. and Hayat, T. (2017). Phase synchronization between two neurons
induced by coupling of electromagnetic field, Applied Mathematics and Computation, Vol.
307, pp. 321–328.
Patle, B.K., Parhi, D.R.K., Jagadeesh, A. and Kashyap, S.K. (2018). Matrix-binary codes based
genetic algorithm for path planning of mobile robot, Computers & Electrical Engineering,
Vol. 67, pp. 708–728.
Pecora, L.M. and Carroll, T.L. (1990). Synchronization in chaotic systems, Physical Review Let-
ters, Vol. 64, No. 8, pp. 821.
Provata, A., Katsaloulis, P. and Verganelakis, D.A. (2012). Dynamics of chaotic maps for mod-
elling the multifractal spectrum of human brain diffusion tensor images, Chaos, Solitons &
Fractals, Vol. 45, No. 2, pp. 174–180.
Rasappan, S. and Vaidyanathan, S. (2012). Synchronization of hyperchaotic liu system via back-
stepping control with recursive feedback, In International Conference on Eco-friendly Com-
puting and Communication Systems, pages 212–221, Springer.
Russell, F.P., Duben, P.D., Niu, X., Luk, W. and Palmer, T.M. (2017). Exploiting the chaotic be-
haviour of atmospheric models with reconfigurable architectures, Computer Physics Commu-
nications, Vol. 221, pp. 160–173.
9
Khan et al.: Stability Analysis of a Newly Designed Hamiltonian Chaotic System
Published by Digital Commons @PVAMU, 2021
AAM: Intern. J., Vol. 16, Issue 1 (June 2021) 761
Sahoo, B. and Poria, S. (2014). The chaos and control of a food chain model supplying additional
food to top-predator, Chaos, Solitons & Fractals, Vol. 58, pp. 52–64.
Singh, A.K., Yadav, V.K. and Das, S. (2017). Synchronization between fractional order complex
chaotic systems, International Journal of Dynamics and Control, Vol. 5, No. 3, pp. 756–770.
Sudheer, K.S. and Sabir, M. (2009). Hybrid synchronization of hyperchaotic lu system, Pramana,
Vol. 73, No. 4, 781.
Tong, X.J., Zhang, M., Wang, Z., Liu, Y. and Jing Ma. (2015). An image encryption scheme based
on a new hyperchaotic finance system, Optik, Vol. 126, No. 20, pp. 2445–2452.
Vaidyanathan, S. (2015). Adaptive biological control of generalized lotkavolterra three-species
biological system, International Journal of PharmTech Research, Vol. 8, No. 4, pp. 622–631.
Vaidyanathan, S., Sambas, A., Zhang, S., Mohamed, M.A. and Mamat, M. (2018). A new Hamil-
tonian chaotic system with coexisting chaotic orbits and its dynamical analysis, International
Journal of Engineering and Technology, Vol. 7, No. 4, pp. 2430–2436.
Wang, X., Vaidyanathan, S., Volos, C., Pham, V.T. and Kapitaniak, T. (2017). Dynamics, circuit
realization, control and synchronization of a hyperchaotic hyperjerk system with coexisting
attractors, Nonlinear Dynamics, Vol. 89, No. 3, 1673–1687.
Wu, G.C., Baleanu, D. and Lin, Z.X. (2016). Image encryption technique based on fractional
chaotic time series, Journal of Vibration and Control, Vol. 22, No. 8, pp. 2092–2099.
Yassen, M.T. (2003). Adaptive control and synchronization of a modified chua’s circuit system,
Applied Mathematics and Computation, Vol. 135, No. 1, 113–128.
Zhigang, Li. and Daolin, Xu. (2004). A secure communication scheme using projective chaos
synchronization, Chaos, Solitons & Fractals, Vol. 22, No. 2, pp. 477–481.
Zhou, P. and Zhu, W. (2011). Function projective synchronization for fractional-order chaotic sys-
tems, Nonlinear Analysis: Real World Applications, Vol. 12, No. 2, pp. 811–816.
10
Applications and Applied Mathematics: An International Journal (AAM), Vol. 16 [2021], Iss. 1, Art. 42
https://digitalcommons.pvamu.edu/aam/vol16/iss1/42
